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Teleportation and storage of continuous variable states of light and atoms are essential building blocks for the
realization of large scale quantum networks. Rigorous validation of these implementations require identifying,
and surpassing, benchmarks set by the most effective strategies attainable without the use of quantum resources.
Such benchmarks have been established for special families of input states, like coherent states and particular
subclasses of squeezed states. Here we solve the longstanding problem of defining quantum benchmarks for
general pure Gaussian single-mode states with arbitrary phase, displacement, and squeezing, randomly sampled
according to a realistic prior distribution. As a special case, we show that the fidelity benchmark for teleporting
squeezed states with totally random phase and squeezing degree is 1/2, equal to the corresponding one for
coherent states. We discuss the use of entangled resources to beat the benchmarks in experiments.
PACS numbers: 03.67.Hk, 42.50.Dv
Quantum teleportation [1–3] is the emblem of long-
distance quantum communication [4] and provides a power-
ful primitive for quantum computing [5]. Similarly, quantum
state storage [6] is a central ingredient for quantum networks
[7]. In the past two decades, the experimental progress in tele-
porting and storing quantum states realized on different phys-
ical systems has been impressive [8–27]. Particularly ground-
breaking are the demonstrations involving continuous vari-
able (CV) systems [28, 29], where states having an infinite-
dimensional support, such as coherent and squeezed states,
have been unconditionally teleported and stored between light
modes and atomic ensembles in virtually all possible combi-
nations [10, 22–25, 30, 31]. These experiments might be reck-
oned as stepping stones for the quantum internet [32].
Ideally, teleportation and storage aim at the realization of a
perfect identity channel between an unknown input state |ψ〉in,
issued to the sender Alice, and the output state received by
Bob. In principle, this is possible if Alice and Bob share a
maximally entangled state, supplemented by classical com-
munication [1–3]. In practice, limitations on the available en-
tanglement and technical imperfections lead to an output state
ρout which is not, in general, a perfect replica of the input. It
is then customary to quantify the success of the protocol in
terms of the input-output fidelity [33, 34] F = in〈ψ|ρout|ψ〉in,
averaged over an ensemble Λ = {|ψ〉in, pψ} of possible input
states, sampled according to a prior distribution known to Al-
ice and Bob. To assess whether the execution of transmission
protocols takes advantage of genuine quantum resources, it
is mandatory to establish benchmarks for the average fidelity
[35]. A benchmark is given in terms of a threshold Fc, corre-
sponding to the maximum average fidelity that can be reached
without sharing any entanglement. Indeed, in a classical pro-
cedure Alice might just attempt to estimate |ψ〉in through an
appropriate measurement, and communicate the outcome to
∗Electronic address: gchiribella@mail.tsinghua.edu.cn
†Electronic address: gerardo.adesso@nottingham.ac.uk
Bob, who could then prepare an output state based on such
an outcome: this defines a “measure-and-prepare” strategy.
For a given ensemble Λ, the classical fidelity threshold (CFT)
Fc amounts then to the highest average fidelity achievable by
means of measure-and-prepare strategies. If an actual imple-
mentation attains an average fidelity Fq higher than Fc, then it
is certified that no classical procedure could have reproduced
the same results, and the quantumness of the implemented
protocol is therefore validated. This is, in a sense [36–40],
similar to observing a violation of Bell inequalities to testify
the nonlocality of correlations in a quantum state [41, 42].
In recent years, an intense activity has been devoted to de-
vising appropriate benchmarks for teleportation and storage
of relevant sets of input states [35, 36, 40, 43–49]. In par-
ticular, if the ensemble Λ contains arbitrary pure states of a
d-dimensional system drawn according to a uniform distribu-
tion, then Fc = 2/(d + 1) [44]. In the limit of a CV system,
d → ∞, the CFT goes to zero, as it becomes impossible for
Alice to guess a particular input state with a single measure-
ment. However, for a quantum implementation it is meaning-
less to assume that the laboratory source can produce arbitrary
input states from an infinite-dimensional Hilbert space with
nearly uniform probability distribution. To benchmark CV
implementations one thus needs to restrict to ensembles of in-
put states that can be realistically prepared and are distributed
according to probability distributions with finite width.
In the majority of CV protocols [28], Gaussian states have
been employed as the preferred information carriers [50].
Gaussian states enjoy a privileged role as, on one hand, their
mathematical description only requires a finite number of
variables (first and second moments of the canonical mode
operators) [51], and on the other, they represent the set of
states which can be reliably engineered and manipulated in
a multitude of laboratory setups [29]. High-fidelity tele-
portation and storage architectures involving Gaussian states
[2, 3, 10, 22, 23, 30] can be scaled up to realize networks
[13, 52, 53] and hybrid teamworks [54], and cascaded to build
nonlinear gates for universal quantum computation [30, 50].
The problem of benchmarking the transmission of Gaussian
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2states is thus of pressing relevance for quantum technology.
This problem has so far only witnessed partial solutions.
Here and in the following, we shall focus on pure single-mode
Gaussian states. Any such state can be written as (we drop the
subscript “in”) [50, 51]
|ψα,s,θ〉 = Dˆ(α)Sˆ (ξ)|0〉 , (1)
where Dˆ(α) = exp(αaˆ† − α∗aˆ) is the displacement operator,
Sˆ (ξ) = exp
[ 1
2 (ξaˆ
†2 − ξ∗aˆ2)] is the squeezing operator with
ξ = seiθ, aˆ and aˆ† are respectively the annihilation and cre-
ation operators obeying the relation [aˆ, aˆ†] = 1, and |k〉 de-
notes the kth Fock state, |0〉 being the vacuum. Pure single-
mode Gaussian states are thus entirely specified by their dis-
placement vector α ∈ C, their squeezing degree s ∈ R+, and
their squeezing phase θ ∈ [0, 2pi]. A widely employed tele-
portation benchmark is available for the ensemble ΛC of input
coherent states [10, 35, 45], for which s, θ = 0 and the dis-
placement α is sampled according to a Gaussian distribution
pCλ (α) =
λ
pi
e−λ|α|2 of width λ−1. In this case, the CFT reads [45]
FcC(λ) = 1 + λ2 + λ , (2)
converging to limλ→0 FcC(λ) = 12 in the limit of infinite
width. More recently, benchmarks were obtained for particu-
lar subensembles of squeezed states [46–48], specifically ei-
ther for known s and totally unknown α, θ [47], or for totally
unknown s with α, θ = 0 [46, 55]. However, up to date a
fundamental question has remained unanswered in CV quan-
tum communication: What is the general benchmark for tele-
portation and storage of arbitrary pure single-mode Gaussian
states?
In this Letter we solve this longstanding open problem. We
build on a recent method for the evaluation of quantum bench-
marks proposed in Ref. [39], and develop group-theoretical
techniques to calculate the CFT for the following two classes
of input single-mode states: (a) the ensemble ΛS , containing
pure Gaussian squeezed states with no displacement (α = 0),
totally random phase θ, and unknown squeezing degree s
drawn according to a realistic distribution with width β−1; (b)
the ensemble ΛG, containing arbitrary pure Gaussian states
with totally random phase θ and α, s drawn according to a
joint distribution with finite widths λ−1, β−1, respectively. By
properly selecting the prior distributions, we obtain analytical
results for the benchmarks, which eventually take the follow-
ing simple and intuitive form:
FcS (β) = 1 + β2 + β ; (3a)
FcG(λ, β) = (1 + λ)(1 + β)(2 + λ)(2 + β) . (3b)
These benchmarks are probabilistic [39]: they give the maxi-
mum of the fidelity over arbitrary measure-and-prepare strate-
gies, even including probabilistic strategies based on post-
selection of some measurement outcomes. By definition,
probabilistic benchmarks are stronger than deterministic ones:
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FIG. 1: (Color online) Marginal probability distributions for (a) the
subset of input squeezed states with arbitrary squeezing degree s and
arbitrary phase θ, and (b) the complete set of input Gaussian states
with arbitrary displacement α, arbitrary squeezing degree s, and ar-
bitrary random phase θ. The plots show the marginal distributions
after integrating over θ, having set β = 2, λ = 12 .
beating a probabilistic benchmark means having an imple-
mentation whose performance cannot be achieved classically,
even with a small probability of success.
Case (a) shows that for input squeezed states with to-
tally unknown complex squeezing ξ, the benchmark reaches
limβ→0 FcS (β) = 12 just like the case of coherent states; we
provide a nearly optimal measure-and-prepare deterministic
strategy which saturates the benchmark of Eq. (3a) for β  0.
On the other hand, the general result of case (b) encompasses
the previous partial findings providing an elegant and useful
prescription to validate experiments involving transmission of
Gaussian states, with input distribution widths λ−1, β−1 tun-
able depending on the capabilities of actual implementations.
Mathematical formulation of quantum benchmarks.— Sup-
pose that Alice and Bob want to teleport/store a state chosen at
random from an ensemble {|ϕx〉, px}x∈X using a measure-and-
prepare strategy, where Alice measures the input state with a
positive operator-valued measure (POVM) {Py}y∈Y and, con-
ditionally on outcome y, Bob prepares an output state ρ′y. In
a probabilistic strategy, Alice and Bob have the extra freedom
to discard some of the measurement outcomes and to produce
an output state only when the outcome y belongs to a set of
favourable outcomes Yyes. The fidelity of their strategy is
F =
∑
x∈X
∑
y∈Yyes
p(x|yes) p(y|x, yes) 〈ϕx|ρy|ϕx〉, (4)
where p(x|yes) is the conditional probability of having the
state |ϕx〉 given that a favourable outcome was observed and
p(y|x, yes) := 〈ϕx|Py|ϕx〉/∑y′∈Yyes〈ϕx|Py′ |ϕx〉. Then the CFT
is the supremum of Eq. (4) over all possible measure-and-
prepare strategies. Using a result of [39], we have
Fc =
∥∥∥∥(I ⊗ τ−1/2) ρ (I ⊗ τ−1/2)∥∥∥∥× , (5)
where τ =
∑
x px|ϕx〉〈ϕx| is the average state of the ensemble,
ρ =
∑
x px|ϕx〉〈ϕx| ⊗ |ϕx〉〈ϕx|, and, for a positive operator A,
‖A‖× = sup‖ϕ‖=‖ψ‖=1〈ϕ|〈ψ|A|ϕ〉|ψ〉.
Case (a): Benchmark for arbitrary squeezed states.— We
consider the ensemble ΛS of squeezed vacuum states |ξ〉 ≡
|ψ0,s,θ〉 with arbitrary complex squeezing [see Eq. (1)] dis-
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FIG. 2: (Color online) Average classical fidelities for input squeezed
states versus the distribution parameter β. The dots correspond to the
fidelity FsrS for the best square-root measurement, while the dashed
line depicts the optimal probabilistic CFT FcS .
tributed according to the prior
pSβ (ξ) =
pβ(s)
2pi
, with pβ(s) =
β sinh s
(cosh s)β+1
, (6)
where β−1 > 0 regulates the width of the squeezing dis-
tribution, while the phase θ is uniformly distributed, which
is natural for CV experiments [48]. The marginal prior
pβ(s) is plotted in Fig. 1(a). For squeezed states, the prior
pSβ (ξ) is the analogue of the Gaussian p
C
λ (α) for coherent
states: indeed, the Gaussian can be expressed as pCλ (α)d
2α =
|〈0|α〉|2λd2α/pi, where the measure d2α is invariant under the
action of displacements, while pSβ (ξ) can be expressed as
pSβ (ξ) dsdθ = |〈0|ξ〉|2(2+β)µ(d2ξ), where the measure µ(d2ξ) =
sinh s cosh s dsdθ/(2pi) is invariant under the action of the
squeezing transformations. For integer β, the prior pSβ (ξ) can
be generated by preparing 2 + β modes in the vacuum and
performing the optimal measurement for the estimation of
squeezing [56, 57].
Using Eq. (5), the CFT can be written as FcS (β) =
‖Aβ‖×, Aβ = (I ⊗ τ−1/2β )ρβ(I ⊗ τ−1/2β ) where τβ =∫
dsdθ pSβ (ξ)|ξ〉〈ξ| and ρβ =
∫
dsdθ pSβ (ξ) |ξ〉〈ξ|⊗|ξ〉〈ξ|. To ob-
tain the benchmark announced in Eq. (3a), we compute explic-
itly the states τβ and ρβ and show that the eigenvalues of Aβ are
all equal to 1+β2+β [57]. Observing that
1+β
2+β = 〈0|〈0|Aβ|0〉|0〉, we
then get ‖Aβ‖× = 1+β2+β , thus concluding the proof of Eq. (3a).
This benchmark allows one to certify the quantumness of
experiments involving teleportation and storage of squeezed
states with arbitrary amount of squeezing and arbitrary phase
[14–17, 24], bypassing the limitations of [46, 47].
We highlight the similarity of our result to the case of
input coherent states [45]. In that case, the probabilistic
benchmark of Eq. (5) coincides with the maximum over
deterministic strategies, given by Eq. (2) [39]. Precisely,
the CFT of Eq. (2) is achievable with heterodyne detection
and repreparation of coherent states [35, 45]. Since the
heterodyne detection can be interpreted as a square-root
measurement [58, 59] for a suitable Gaussian prior, in the
case of squeezed states it is natural to wonder whether a
deterministic square-root measurement strategy suffices to
saturate the probabilistic CFT given by Eq. (3a). For an
ensemble of the form {|ξ〉, pSη (ξ)} the square-root measure-
ment has POVM elements Pη(ξ) = pSη (ξ)τ
−1/2
η |ξ〉〈ξ|τ−1/2η
(here we allow η to be different from β). Performing the
square-root measurement and repreparing the state |ξ〉 con-
ditional on outcome ξ gives the average fidelity FsrS (β, η) =
β
β+2
η+1
η+2
∑∞
k=0
∣∣∣∣∣∑kn=0 (k−n− 12k−n )√(n− 12n )( η+12 +nn )∣∣∣∣∣2/ [( β+22 +kk )( η+22 +kk )]
[57], where we are using the notation
(
x
k
)
=
x(x−1)...(x−k+1)
k!
for a general x ∈ R. In Fig. 2 we compare supη Fsr
S
(β, η),
maximized numerically over η, with the CFT FcS of Eq. (3a),
for a range of values of β. We find that the square-root
measurement is a nearly optimal classical strategy, which
reaches the CFT asymptotically for large values of β, when
the input squeezing distribution becomes more and more
peaked.
Case (b): Benchmark for general Gaussian states.— Con-
sider now the ensemble ΛG of arbitrary pure Gaussian states
|α, ξ〉 ≡ |ψα,s,θ〉 [Eq. (1)] distributed according to the prior
pGλ,β(α, s, θ) =
λβ
2pi2
e−λ|α|2+λRe(e−iθα2) tanh s sinh s
(cosh s)β+2
. (7)
We note that in this case the prior can be writ-
ten as pGλ,β(ξ) ∝ |〈0|λα, ξ〉|2|〈0|ξ〉|2(4+β)ν(d2α, d2ξ) where
ν(d2α, d2ξ) = d2α sinh s(cosh s)3dsdθ is the invariant mea-
sure under the joint action of displacement and squeez-
ing. For integer β, the prior can be generated by per-
forming an optimal measurement of squeezing and displace-
ment on 5 + β modes prepared in the vacuum [57]. The
marginals of this prior correctly reproduce the previous sub-
cases, namely the distribution of Eq. (6) for the squeezing,∫
d2α pGλ,β(α, s, θ) = p
S
β (ξ), and the Gaussian distribution
of [45] for the displacement, limβ→∞
∫
d2ξ pGλ,β(α, s, θ) =
pCλ (α). The marginal probability distribution after integrat-
ing over the phase θ, pλ,β(α, s) =
∫ 2pi
0 dθ p
G
λ,β(α, s, θ) =
pi−1λβe−λ|α|2 sinh s(cosh s)−β−2I0
[
λ|α|2 tanh s], where I0 is a
modified Bessel function [60], is plotted in Fig. 1(b).
To compute the benchmark, we observe that the pure Gaus-
sian states of Eq. (1) are instances of the generalized coherent
states introduced by Gilmore and Perelomov for arbitrary Lie
groups [61–64]. Here we consider Gilmore-Perelomov coher-
ent states of the form |ϕg〉 = Uˆg|ϕ〉, where Uˆ : g 7→ Uˆg is an
irreducible representation of a Lie group G and |ϕ〉 is a lowest
weight vector for the representation Uˆ : g 7→ Uˆg. This gen-
eral setting includes the cases of coherent and squeezed states,
and the present case of pure Gaussian states, where the group
is the Jacobi group, the group element g is the pair g = (α, ξ),
Uˆg ≡ Dˆ(α)Sˆ (ξ), and |ϕ〉 ≡ |0〉 [65]. In the Supplemental Mate-
rial [57], we solve the benchmark problem for arbitrary sets of
Gilmore-Perelomov coherent states, randomly drawn with a
prior probability of the form pγ(g)dg ∝ |〈ϕγ|ϕγ,g〉|2 dg, where
dg is the invariant measure on the group and |ϕγ,g〉 = Uˆγg |ϕγ〉 is
the Gilmore-Perelomov coherent state for a given irreducible
representation Uˆγ : g 7→ Uˆγg . Our key result is a powerful
formula for the probabilistic CFT for Gilmore-Perelomov co-
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FIG. 3: (Color online) Performance of the CV quantum teleportation
protocol for general input Gaussian states |ψα,s,θ〉 using a two-mode
squeezed entangled resource with squeezing r. (a) Plot of the quan-
tum teleportation fidelity FqG(β; r), averaged over the input set ΛG
according to a prior distribution pλ,β, against the benchmarkFcG(λ, β)
for λ → 0 (dotted red) and λ → ∞ (dashed green). (b) Contour plot
ofFqG(β; r) as a function of β and r; the lower (red) and upper (green)
shadings correspond to parameter regions where the quantum fidelity
does not beat the benchmark FcG(0, β) and FcG(∞, β), respectively.
herent states, given by [57]
Fc(γ) =
∫
dg pγ(g) |〈ϕ|ϕg〉|4∫
dg pγ(g) |〈ϕ|ϕg〉|2
. (8)
Using this general expression in the cases of coherent and
squeezed states it is immediate to retrieve the benchmarks of
Eqs. (2) and (3a). We now use this result to find the bench-
mark for the transmission of arbitrary input Gaussian states
with prior distribution given by Eq. (7), which now reads
FcG(λ, β) =
∫
d2α ds dθ pGλ,β(α, s, θ)|〈0|ψα,s,θ〉|4∫
d2α ds dθ pGλ,β(α, s, θ)|〈0|ψα,s,θ〉|2
. (9)
The integrals can be evaluated analytically [57]. The final
result yields the general benchmark announced in Eq. (3b),
which is the main contribution of this Letter. Notice how the
previous partial findings are contained in this result. For co-
herent states, limβ→∞ FcG(λ, β) = FcC(λ); for squeezed states,
limλ→∞ FcG(λ, β) = FcS (β). The benchmark for teleporting
Gaussian states in the limit of completely random α, s, θ is fi-
nally established to be limλ,β→0 FcG(λ, β) = 14 .
Discussion.— We now investigate how well an ac-
tual implementation of quantum teleportation can fare
against the benchmarks derived above. We focus on
the conventional Braunstein–Kimble CV quantum telepor-
tation protocol [3] using as a resource a Gaussian two-
mode squeezed vacuum state with squeezing r, |φ〉AB =
(cosh r)−1
∑∞
k=0(tanh r)
k |k〉A|k〉B, also known as a twin-beam.
We assume that the input is an arbitrary pure single-mode
Gaussian state |ψα,s,θ〉, Eq. (1), drawn according to the prob-
ability distribution of Eq. (7). The output state received by
Bob will be a Gaussian mixed state whose fidelity with the
input can be written as [46] Fq(s; r) = {2e−2r[cosh(2r) +
cosh(2s)]}− 12 . Notice that it depends neither on the phase θ
nor the displacement α by construction of the CV protocol [3]
(for unit gain [30, 66]). Averaging this over the input set ΛG
we get the average quantum teleportation fidelity
FqG(β; r) =
∫
dθ d2α ds pGλ,β(α, s, θ)Fq(s; r) (10)
=
β
2β+2 e
r
2F1
(
1
2 ,
β+1
2 ;
β+3
2 ;− sinh2(r)
)
,
where 2F1 is a hypergeometric function [60]. The average
quantum fidelity is obviously independent of λ, i.e., in par-
ticular, it is the same for the ensemble of all Gaussian states
ΛG and for the ensemble of squeezed states ΛS . In Fig. 3,
we compare FqG(β; r) with the CFT FcG(λ, β), in particular
with the case λ → 0 (totally random displacement) and with
the case λ→ ∞ (undisplaced squeezed states, whose CFT re-
duces to FcS (β)). In the latter case, we see that the shared en-
tangled state needs to have a squeezing r above 10 dB, which
is at the edge of current technology [67, 68], in order to beat
the benchmark for the ensemble ΛS . For general input Gaus-
sian states in ΛG with random displacement, squeezing, and
phase, less resources are instead needed to surpass the CFT of
Eq. (3b), especially if the input squeezing distribution is not
too broad (β  0), which is the realistic situation in experi-
mental implementations (where e.g. s can fluctuate around a
set value which depends on the specifics of the nonlinear crys-
tal used for optical parametric amplification [29, 30]). For the
case of coherent input states with totally random displacement
(λ → 0, β → ∞), the CFT converges to 12 and we recover the
known result that any r > 0 is enough to beat the correspond-
ing benchmark [3, 10, 35, 45, 53].
Summarizing, we have derived exact analytical quan-
tum benchmarks for teleportation and storage of arbitrary
pure single-mode Gaussian states, which can be readily
employed to validate current and future implementations.
The mathematical techniques developed here to obtain the
presented results are of immediate usefulness to analyze
a much larger class of problems, such as the determi-
nation of benchmarks for cloning, amplification [39] and
other protocols involving multimode Gaussian states and
other classes of Gilmore-Perelomov coherent states, includ-
ing finite-dimensional states. We will explore these topics in
forthcoming publications.
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6Supplemental Material: Quantum benchmarks for pure single-mode Gaussian states
Appendix A: Proof of Eq. (3a): benchmark for squeezed vacuum states
Let us expand the squeezed states as
|ξ〉 := e 12 (ξaˆ†2−ξ∗aˆ2)|0〉
=
1√
cosh s
∞∑
n=0
√(
n − 12
n
)
(tanh s)n einθ|2n〉 , ξ = seiθ
using the notation
(
x
n
)
:= x(x−1)...(x−n+1)n! for a generic x ∈ R. We now compute the average states of the ensembles
{
|ξ〉, pSβ (ξ)
}
and{
|ξ〉 ⊗ |ξ〉, pSβ (ξ)
}
, where pSβ (ξ) is the probability distribution
pSβ (ξ) =
β sinh s
(cosh s)β+1
1
2pi
, β > 0,
satisfying the normalization condition
∫
dsdθ pSβ (ξ) = 1. By explicit calculation, we find that the average states are
τβ :=
∫
dsdθ pSβ (ξ) |ξ〉〈ξ| =
β
β + 1
∞∑
n=0
(
n− 12
n
)
( β+1
2 +n
n
) |2n〉〈2n|, (A1)
and
ρβ :=
∫
dsdθ pSβ (ξ) |ξ〉〈ξ| ⊗ |ξ〉〈ξ| =
β
β + 2
∞∑
k=0
1( β+2
2 +k
k
) |Φk〉〈Φk | (A2)
where
|Φk〉 :=
k∑
n=0
√(
k − n − 12
k − n
)(
n − 12
n
)
|2k − 2n〉|2n〉. (A3)
Now, by Ref. [S1] the probabilistic CFT is given by
FcS (β) =
∥∥∥Aβ∥∥∥× , Aβ := (I ⊗ τ−1/2β ) ρβ (I ⊗ τ−1/2β ) ,
where ‖Aβ‖× is the cross norm of Aβ, defined as
∥∥∥Aβ∥∥∥× := sup‖ϕ‖=‖ψ‖=1〈ϕ|〈ψ|Aβ|ϕ〉|ψ〉. Using Eq. (A2), one can write the operator
Aβ as
Aβ =
β
β + 2
∞∑
k=0
1( β+2
2 +k
k
) (I ⊗ τ− 12β ) |Φk〉〈Φk | (I ⊗ τ− 12β )
where the vectors
(
I ⊗ τ− 12β
)
|Φk〉 are mutually orthogonal for different values of k, as can be seen by direct inspection using
Eq. (A1). Using this fact, one can compute the eigenvalues of Aβ, which are given by
aβ,k =
β
β + 2
1( β+2
2 +k
k
) 〈Φk |(I ⊗ τ−1β )|Φk〉
=
β + 1
β + 2
1( β+2
2 +k
k
) k∑
n=0
(
k − n − 12
k − n
)( β+1
2 + n
n
)
=
β + 1
β + 2
(−1)k( β+2
2 +k
k
) k∑
n=0
( − 12
k − n
)(− β+32
n
)
=
β + 1
β + 2
(−1)k( β+2
2 +k
k
) (− β+42k
)
=
β + 1
β + 2
,
7(the fourth equality coming from the Chu-Vandermonde identity [S2]). In other words, Aβ is proportional to a projector, with the
proportionality constant (β + 1)/(β + 2). This proves that∥∥∥Aβ∥∥∥× = sup‖ϕ‖=‖ψ‖=1〈ϕ|〈ψ|Aβ|ϕ〉|ψ〉
≤ β + 1
β + 2
.
On the other hand, observing that 〈0|〈0|Aβ|0〉|0〉 = β+1β+2 we conclude that
FcS (β) =
∥∥∥Aβ∥∥∥× = β + 1β + 2 .
Appendix B: The fidelity of the square-root measurement
For the the ensemble of squeezed states {|ξ〉, pSη (d2ξ)} the square-root measurement is the POVM with operators Pη(ξ) =
pSη (ξ)τ
− 12
η |ξ〉〈ξ|τ−
1
2
η [S3, S4]. Hence, the fidelity of the measure-and-prepare protocol based on measuring the square-root mea-
surement and on re-preparing squeezed states is given by
Fsr
S
=
∫
dsdθ
∫
ds′dθ′ pSβ (ξ) |〈ξ|ξ′〉|2 〈ξ|Pη(ξ′)|ξ〉
=
∫
dsdθ
∫
ds′dθ′ pSβ (ξ)p
S
β (ξ
′) Tr
[(
|ξ〉〈ξ| ⊗ |ξ〉〈ξ|
) (
|ξ′〉〈ξ′| ⊗ τ− 12η |ξ′〉〈ξ′|τ−
1
2
η
)]
= Tr
[
ρβ(I ⊗ τ−
1
2
η )ρη(I ⊗ τ−
1
2
η )
]
.
Inserting Eqs. (A1), (A2), and (A3) into the last equation we then obtain
Fsr
S
=
β
β + 2
η
η + 2
∞∑
k=0
1( β+2
2 +k
k
)( η+2
2 +k
k
) ∣∣∣∣∣〈Φk | (I ⊗ τ− 12η ) |Φk〉∣∣∣∣∣2
=
β
β + 2
η + 1
η + 2
∞∑
k=0
1( β+2
2 +k
k
)( η+2
2 +k
k
)
∣∣∣∣∣∣∣∣
k∑
n=0
(
k − n − 12
k − n
)√(
n − 12
n
)( η+1
2 + n
n
)∣∣∣∣∣∣∣∣
2
,
which is the expression used in the main text.
Appendix C: Proof of Eq. (8): benchmark for teleportation and storage of Gilmore-Perelomov coherent states
Consider a generic Lie group G, acting on a Hilbert space H through a unitary irreducible representation Uˆ : g 7→ Uˆg. In
the following we refer to the monographies [S5, S6] for the background on coherent states and representation theory. We will
consider Gilmore-Perelomov coherent states [S7, S8] and |ϕg〉 of the form |ϕg〉 = Uˆg|ϕ〉, where |ϕ〉 is a lowest weight vector
for the representation U, i.e. a vector that is annihilated by all the negative roots of the Lie algebra Examples of Gilmore-
Perelomov coherent states are the ordinary coherent states |α〉 = Dˆ(α)|0〉, associated to the Weyl-Heisenberg group, the squeezed
states |ξ〉 = Sˆ (ξ)|0〉, associated to the group S U(1, 1), and the displaced squeezed states |α, ξ〉 = Dˆ(α)Sˆ (ξ)|0〉, associated to the
Jacobi group. Other examples, in finite dimensional quantum systems, are the pure states |ϕU〉 = U |ϕ0〉, U ∈ S U(d) and the
spin-coherent states | j, j, ϕ,~n〉 = R( j)
ϕ,~n| j, j〉 associated to the rotation group S O(3).
We now prove a general formula to compute the classical fidelity threshold for the teleportation and storage of Gilmore-
Perelomov coherent states. Among the possible measure-and-prepare strategies, we include probabilistic strategies based on
abstention. To stress this fact, we refer to our CFT as probabilistic CFT. We assume that the group is unimodular—that is, it has
a left- and right- invariant measure dg—, and that the input state |ϕg〉 is given with prior probability
pγ(dg) = dγ|〈ϕγ|ϕγ,g〉|2dg, (C1)
where |ϕγ,g〉 := Uˆγg |ϕγ〉 ∈ Hγ is a coherent state for some other irreducible representation Uˆγ : g→ Uˆγg and dγ is a normalization
constant, known as formal dimension, given by
dγ :=
(∫
dg |〈ϕγ|ϕγ,g〉|2
)−1
. (C2)
8Of course, in order for the probability distribution pγ(dg) to be normalizable, the formal dimension dγ should not be zero (i.e. the
integral in Eq. (C2) should not diverge). Technically, irreducible representations with this property are called square-summable.
Since we want pSγ (dg) to be a probability distribution, in the following we will always assume that the representation Uˆγ is
square-summable.
In addition, we will always assume that that the root system that makes |ϕγ〉 a lowest weight vector has been chosen to have
the same structure constants of the root system that makes |ϕ〉 a lowest weight vector. For example, this is what is done in
quantum optics when one has two annihilation operators aˆ and bˆ for two different modes A and B, that are chosen in such a way
that [aˆ, aˆ†] = IA and [bˆ, bˆ†] = IB. With this choice, the negative roots of the Lie algebra representation associated to the product
representations Uˆ⊗Uˆγ and Uˆ⊗Uˆ⊗Uˆγ will be the sum of the negative roots of the Lie algebra representation associated to Uˆ and
Uˆγ. Hence, the fact that both |ϕ〉 and |ϕγ〉 are annihilated by the negative roots, implies that also the states |ϕ〉|ϕγ〉 and |ϕ〉|ϕ〉|ϕγ〉
are annihilated by the negative roots, i.e. they are lowest weight vectors. In the example of quantum optics, this corresponds
to the fact that product of the vacuum states for two modes a and b is the vacuum state for the mode a + b. Our choice of root
system guarantees also that the product representations Uˆ ⊗ Uˆγ and Uˆ ⊗ Uˆ ⊗ Uˆγ are square summable: indeed, one has
dUˆ⊗Uˆ⊗Uˆγ ≡
(∫
dg |〈ϕ|ϕg〉|4|〈ϕγ|ϕγ,g〉|2
)−1
≥
(∫
dg |〈ϕ|ϕg〉|2|〈ϕγ|ϕγ,g〉|2
)−1
≡ dUˆ⊗Uˆγ
≥
(∫
dg |〈ϕγ|ϕγ,g〉|2
)−1
≡ dγ
> 0 .
With the above settings, we have the following result
Theorem 1 (Benchmark for Gilmore-Perelomov coherent states) Let Λ = {|ϕg〉, pγ(dg)}g∈G be an ensemble of Gilmore-
Perelomov coherent states, with prior probability distribution of the form pγ(dg) = dγ|〈ϕγ|ϕγ,g〉|2dg. Then, the probabilistic
CFT is
Fc(γ) =
∫
dg pγ(g)|〈ϕ|ϕg〉|4∫
dg pγ(g)|〈ϕ|ϕg〉|2
. (C3)
Proof. By the result of Ref. [S1], the CFT is given by the cross norm
Fc(γ) =
∥∥∥Aγ∥∥∥×

Aγ := (I ⊗ τ−1/2γ )ργ(I ⊗ τ−1/2γ )
τγ :=
∫
dg pγ(g) |ϕg〉〈ϕg|
ργ :=
∫
dg pγ(g) |ϕg〉〈ϕg| ⊗ |ϕg〉〈ϕg|
≤ ‖Aγ‖∞
= min{λ ≥ 0 | λ(I ⊗ τγ) ≥ ργ}
Now, using Eq. (C1), we have
τγ = dγTrγ
[(∫
dg |ϕg〉〈ϕg| ⊗ |ϕγ,g〉〈ϕγ,g|
)
(I ⊗ |ϕγ〉〈ϕγ|)
]
(C4)
ργ = dγTrγ
[(∫
dg |ϕg〉〈ϕg| ⊗ |ϕg〉〈ϕg| ⊗ |ϕγ,g〉〈ϕγ,g|
) (
I ⊗ I ⊗ |ϕγ〉〈ϕγ|
)]
, (C5)
where Trγ is a shorthand notation for the partial trace over the Hilbert space Hγ. Now, since the state |ϕ〉|ϕγ〉 (respectively,
|ϕ〉|ϕ〉|ϕγ〉) is a lowest weight vector, the states |ϕg〉|ϕγ,g〉 (respectively, |ϕg〉|ϕg〉|ϕγ,g〉) belong to a single irreducible subspace,
denoted by Hγ1 (respectively, H2). Precisely, they belong to the irreducible subspace that carries the Cartan component of
Uˆ ⊗ Uˆγ (respectively, Uˆ ⊗ Uˆ ⊗ Uˆγ). By Schur’s lemma the integral in the r.h.s. of both equations (C4) is proportional to a
projector, namely
τγ = dγTrγ
 Pˆγ1dγ1
(
I ⊗ |ϕγ〉〈ϕγ|
) (C6)
ργ = dγTrγ
 Pˆγ2dγ2
(
I ⊗ I ⊗ |ϕγ〉〈ϕγ|
) (C7)
9where Pˆγ1 (Pˆγ2 ) is the projector on Hγ1 (Hγ2 ) and dγ1 (dγ2 ) is the formal dimension of the Cartan component of Uˆ ⊗ Uˆγ
(Uˆ ⊗ Uˆ ⊗ Uˆγ). Clearly, choosing λ = dγ2/dγ2 , we have λ
(
I ⊗ Pˆγ1dγ1
)
≥ Pˆγ2dγ2 , and, by Eqs. (C6) and (C7), λ(I ⊗ τγ) ≥ ργ. Hence, we
conclude that Fc(γ) ≤ dγ1/dγ2 .
On the other hand, the upper bound can be achieved. First of all, note that |ϕ〉 is an eigenvector of τγ: indeed, using Eq. (C6)
one has
τγ|ϕ〉 = dγTrγ
 Pˆγ1dγ1
(
I ⊗ |ϕγ〉〈ϕγ|
) |ϕ〉 = dγdγ1 |ϕ〉.
Similarly, |ϕ〉|ϕ〉 is an eigenvector of ργ: using Eq. (C7) one has
ργ|ϕ〉|ϕ〉 = dγTrγ
 Pˆγ2dγ2
(
I ⊗ I ⊗ |ϕγ〉〈ϕγ|
) |ϕ〉|ϕ〉 = dγdγ2 |ϕ〉|ϕ〉.
Hence, we obtain
Fc(γ) =
∥∥∥(I⊗τ−1/2γ )ργ(I ⊗ τ−1/2γ )∥∥∥×
≥ 〈ϕ|〈ϕ|(I ⊗ τ−1/2γ )ργ(I ⊗ τ−1/2γ )|ϕ〉|ϕ〉
=
dγ2
dγ2
.
Combining the upper and lower bounds we obtain Fc(γ) = dγ1/dγ2 . Using Eq. (C2) for the evaluation of dγ1 and dγ2 concludes
the proof. 
Using Eq. (C3) it is immediate to recover the benchmarks for coherent states and for squeezed states: indeed, one has∫
d2α/pi λe−λ|α|2 |〈0|α〉|4∫
d2α/pi λe−λ|α|2 |〈0|α〉|2 =
1 + λ
2 + λ
= FcC(λ) (C8)
and ∫
dsdθ/2pi [β sinh s/(cosh s)1+β] |〈0|ξ〉|4∫
dsdθ/2pi [β sinh s/(cosh s)1+β] |〈0|ξ〉|2 =
1 + β
2 + β
= FcS (β). (C9)
Note that for squeezed states the group-theoretical argument of Theorem 1 guarantees optimality only for integer β (the square-
summable irreducible representations of S U(1, 1) form a discrete set), while the optimality proof for general real-valued positive
β requires the explicit argument presented in section A.
Appendix D: Proof of Eq. (3b): benchmark for general pure Gaussian states
Pure Gaussian states can be parameterized as
|α, ξ〉 := Dˆ(α)Sˆ (ξ)|0〉 , ξ = seiθ.
Here the displacement and squeezing operators generate a representation of the Jacobi group, and the vacuum is a lowest weight
vector for this representation [S9]. Note that the overlap between one pure Gaussian state and the vacuum is
|〈0|α, ξ〉|2 = e
−|α|2+Re(e−iθα2) tanh s
cosh s
(D1)
For the probability distribution, we choose
pGλ,β(α, s, θ) d
2αdsdθ ∝ |〈0|λα, ξ〉|2 |〈0|ξ〉|2(4+β) ν(d2α, d2ξ),
where ν(d2α, d2ξ) = d2α sinh s(cosh s)3dsdθ is the invariant measure over the Jacobi group. Using Eq. (D1), we can write down
the explicit expression
pGλ,β(α, s, θ) =
λβ
2pi2
e−λ|α|2+λ tanh sRe(e−iθα2) sinh s
(cosh s)β+2
.
10
For integer β, the states |λα, ξ〉|ξ〉⊗4+β are Gilmore-Perelomov coherent states generated by the action of the representation
Dˆ(λα)Sˆ (ξ) ⊗ Sˆ (ξ)⊗4+β on the lowest weight vector |0〉|0〉⊗(4+β). Hence, using Eq. (C3) we can compute the probabilistic CFT as
FcG(λ, β) =
∫
d2α ds dθ pGλ,β(α, s, θ)|〈0|ψα,s,θ〉|4∫
d2α ds dθ pGλ,β(α, s, θ)|〈0|ψα,s,θ〉|2
=
∫
d2α ds dθ e−(2+λ)[|α|2+Re(e−iθα2) tanh s] sinh s(cosh s)−4−β∫
d2α ds dθ e−(1+λ)[|α|2+Re(e−iθα2) tanh s] sinh s(cosh s)−3−β
=
∫
d2α ds e−(2+λ)|α|
2
sinh s(cosh s)−4−βI0
(
(2 + λ) |α|2 tanh s
)
∫
d2α ds e−(1+λ)|α|2 sinh s(cosh s)−3−βI0
(
(1 + λ) |α|2 tanh s
)
=
(
1 + λ
2 + λ
) ∫ ds sinh s(cosh s)−3−β∫
ds sinh s(cosh s)−2−β
=
(1 + λ)(1 + β)
(2 + λ)(2 + β)
.
For general noninteger positive β we prove the optimality of the value (1+λ)(1+β)(2+λ)(2+β) directly from the expression of Ref. [S1], which
in this case reads
FcG(λ, β) =
∥∥∥Aλ,β∥∥∥×

Aλ,β := (I ⊗ τ−1/2λ,β )ρλ,β(I ⊗ τ−1/2λ,β )
τλ,β :=
∫
d2αdsdθ pλ,β(α, s, θ) |α, s, θ〉〈α, s, θ|
ρλ,β :=
∫
d2αdsdθ pλ,β(α, s, θ) |α, s, θ〉〈α, s, θ| ⊗ |α, s, θ〉〈α, s, θ|
In order to show that
∥∥∥Aλ,β∥∥∥× = (1+λ)(1+β)(2+λ)(2+β) , we observe that, by the symmetry of the prior distribution, the average state τλ,β
commutes with the phase shifts Uˆϕ = eiϕaˆ
†a, and, therefore, it is diagonal on the Fock basis. Hence, we can write it as
τλ,β =
∞∑
n=0
tn|n〉〈n| , tn =
∫
d2α ds dθ pGλ,β(α, s, θ) |〈n|Dˆ(α)Sˆ (ξ)|0〉|2
In particular, the vacuum |0〉 is eigenvector of τλ,β for the eigenvalue t0 =
∫
d2α ds dθ pGλ,β(α, s, θ) |〈0|Dˆ(α)Sˆ (ξ)|0〉|2. Likewise,
the state ρλ,β commutes with the phase shifts Uˆϕ ⊗ Uˆϕ, and, therefore, can be diagonalized jointly with the total number operator
aˆ†1aˆ1 + aˆ
†
2aˆ2 (aˆ1 and aˆ2 representing the annihilation operators on the two copies of the Hilbert space). This implies that |0〉|0〉 is
an eigenvalue of ρλ,β, with eigenvalue r00 =
∫
d2α ds dθ pGλ,β(α, s, θ) |〈0|Dˆ(α)Sˆ (ξ)|0〉|4.
Combining these observations, we obtain the lower bound
FcG(λ, β) = ‖Aλ,β‖×
=
∥∥∥∥(I ⊗ τ−1/2λ,β )ρλ,β(I ⊗ τ−1/2λ,β )∥∥∥∥×
≥ 〈0|〈0|(I ⊗ τ−1/2λ,β )ρλ,β(I ⊗ τ−1/2λ,β )|0〉|0〉
= r00/t0
=
(1 + λ)(1 + β)
(2 + λ)(2 + β)
. (D2)
On the other hand, the explicit evaluation of all the eigenvalues of Aλ,β can be carried out by diagonalizing the submatrices A
(k)
λ,β
corresponding to the compression of Aλ,β onto the subspaces with total photon number k. The matrix elements of A
(k)
λ,β are given
by
[
A(k)λ,β
]
mn
=
∫
d2α ds dθ pGλ,β(α, s, θ)
〈n|Dˆ(α)Sˆ (ξ)|0〉√
tn
〈k − n|Dˆ(α)Sˆ (ξ)|0〉 〈m|Dˆ(α)Sˆ (ξ)|0〉√
tm
〈k − m|Dˆ(α)Sˆ (ξ)|0〉 , (D3)
for m, n = 0, . . . , k. Compact expressions for the overlap 〈n|Dˆ(α)Sˆ (ξ)|0〉, involving Hermite polynomials, can be found in [S10].
The explicit calculation of the eigenvalues of A(k)λ,β, done by numerical methods, confirms that
[
A(0)λ,β
]
00
is the maximum eigenvalue.
This gives the upper bound ‖Aλ,β‖× ≤ (1+λ)(1+β)(2+λ)(2+β) , which, combined with the lower bound of Eq. (D2), leads to the benchmark
FcG(λ, β) = (1+λ)(1+β)(2+λ)(2+β) for all λ, β > 0.
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Appendix E: Prior distributions and optimal measurements for the estimation of Gilmore-Perelomov coherent states
Consider the probability distribution p(g)dg = d|〈ϕ|ϕg〉|2dg defined by the Gimore-Perelomov coherent states |ϕg〉 = Uˆg|ϕ〉
associated to a square-summable representation Uˆ : g 7→ Uˆg. This probability distribution can be generated by preparing a
quantum system in the state |ϕ〉 and by performing the quantum measurement with POVM
Pˆg dg = d|ϕg〉〈ϕg| , d =
(∫
dg |〈ϕ|ϕg〉|2
)−1
, (E1)
whose integral is normalized to the identity thanks to Schur’s lemma.
We now show that the POVM {Pˆg}g∈G is the optimal measurement for the estimation of the parameter g characterizing the
coherent state |ϕg〉. We denote by gˇ the estimated value, and by g the true one and define a figure of merit that assigns a score
to the estimate depending on how close it is to the true value. As a figure of merit, we consider here the estimation fidelity
f (gˇ, g) = |〈ϕgˇ|ϕg〉|2. With these settings, the average score achieved by a generic POVM Qˆgdg is Fg =
∫
dgˇ f (gˇ, g)〈ϕg|Qˆgˇ|ϕg〉.
Here we do not assume any prior probability on g and consider instead the maximization of the worst-case fidelity Fwc =
infg∈G Fg. For this problem, it is known that the optimal POVM can be found in the set of covariant POVMs [S11, S12, S13],
which in our case have the form Qˆg = d UˆgωUˆ
†
g , where ω is a density matrix. For a covariant POVM, the fidelity is independent
of g, and therefore one has Fwc = Fg ∀g ∈ G Using this fact, it is easy to prove the following
Theorem 2 (Optimal estimation of Gilmore-Perelomov coherent states) The maximum of the worst-case fidelity for the esti-
mation of a Gilmore-Perelomov coherent state |ϕg〉 is
Fwc =
∫
dg |〈ϕ|ϕg〉|4∫
dg |〈ϕ|ϕg〉|2
. (E2)
The optimal POVM achieving the maximum fidelity is given by Eq. (E1).
Proof. Choosing the true value to be the identity element in the group (g = e), the fidelity for a generic POVM Qˆg = d UˆgωUˆ†g
can be evaluated as
Fwc[Qˆgdg] = d
∫
dgˇ f (gˇ|e) 〈ϕ|UˆgˇωUˆ†gˇ |ϕ〉
= d Tr
[
(|ϕ〉〈ϕ| ⊗ ω)
(∫
dgˇ |ϕg〉〈ϕg| ⊗ |ϕg〉〈ϕg|
)]
=
d
d′
Tr
[
(|ϕ〉〈ϕ| ⊗ ω) P′]
where P′ is the projector on the irreducible subspaceH ′ spanned by the coherent states {|ϕg〉|ϕg〉}g∈G and d′ is the corresponding
formal dimension, d′ =
(∫
dg |〈ϕ|ϕg〉|4
)−1
. Hence, we conclude that Fwc[Qˆgdg] ≤ d/d′. The upper bound can be achieved by
choosing the POVM Pˆg. Recalling the definitions of d and d′, we then have the desired result. 
In the specific case of the group S U(1, 1), the optimality of the POVM of Eq. (E1) was derived by Hayashi [S14]. Note also
that the above proof applies also to different figures of merit, provided that they are of the form fγ(gˇ, g) = |〈ϕγ|ϕγ,g〉|2, for some
Gilmore-Perelomov coherent state |ϕγ,g〉 = Uˆγg |ϕγ〉 associated to some irreducible representation Uˆγ : g 7→ Uˆγg . In this case,
Eq. (E1) still gives the optimal POVM and the optimal fidelity reads
Fwc =
∫
dg |〈ϕγ|ϕγ,g〉|2|〈ϕ|ϕg〉|2∫
dg |〈ϕ|ϕg〉|2
. (E3)
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